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Abstract

In this work, we study the problem of driving in minimal time a system describing a
chemostat model to a target point. More precisely, we consider the usual chemostat
model of a single biomass and a single substrate given by the following equations (see
[4]):

Ẋ = µ(S)X − uX,

Ṡ = −µ(S)X + u(Sin − S),
(1)

where X, resp. S, represents the biomass concentration, resp. the substrate concen-
tration, Sin the input substrate concentration, u the dilution rate and µ the growth
function of the biomass.

Given an initial condition (X0, S0) and a target point (X,S), we are interested in
reaching (X,S) from (X0, S0) in minimal time under variations of the dilution rate u,
that is, studying the value function v defines as follows:

v(X0, S0) := inf
u(·)

t(u) s.t. Xu(t(u)) = X and Su(t(u)) = S, (2)

where t(u) is the first time such that Xu(t(u)) = X and Su(t(u)) = S.
When µ is of Monod-type, i.e. of the form

µ(s) = µ
S

S + k
,

for some µ > 0 and k > 0, the problem has been studied in [2], where it is shown that
the control (the dilution rate) is necessarily bang-bang.

In this work, we consider a growth function of Haldane type, i.e. of the form

µ(s) = µ
S

S2

ki
+ S + ks

,

for some µ > 0, ki > 0 and ks > 0. Using the Pontryagin Maximum Principle ([3]) and
geometric control theory ([1]), we show that in some cases the control is not necessarily
bang-bang but might admit frame curves such as singular locus and switching curve.
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